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a b s t r a c t
It was conjectured that for each simple graph G = (V , E) with n = |V (G)| vertices and
m = |E(G)| edges, it holdsM2(G)/m ≥ M1(G)/n, whereM1 andM2 are the first and second
Zagreb indices. Hansen and Vukičević proved that it is true for all chemical graphs and does
not hold in general. Also the conjecture was proved for all trees, unicyclic graphs, and all
bicyclic graphs except one class. In this paper, we show that for every positive integer k,
there exists a connected graph such that m − n = k and the conjecture does not hold.
Moreover, by introducing some transformations, we show that M2/(m − 1) > M1/n for
all bicyclic graphs and it does not hold for general graphs. Using these transformations we
give new and shorter proofs of some known results.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Let G = (V , E) be a simple graph with |V (G)| = n vertices and |E(G)| = m edges. For a vertex u ∈ V (G), the degree of u
and the average of the degrees of the vertices adjacent to u are denoted by dG(u) and µG(u), respectively. A pendant vertex
is a vertex of degree one. Denote, as usual, by Pn, K1, n−1 and Cn the path, star and cycle with n vertices, respectively.
The first Zagreb indexM1 and the second ZagrebM2 of graph G (see [4,5,8,11,16] and the references therein) are among










The AutoGraphiX system [1–3] proposed the following conjecture:
Conjecture 1.1. For all simple connected graphs G,
M2(G)/m ≥ M1(G)/n (1)
with equality for complete graphs, among others.
In [6], Hansen and Vukičević proved that it is true for all chemical graphs and does not hold for general graphs. Vukičević
and Graovac proved that (1) holds for all trees [12], and gave a counterexample for bicyclic graphs [15]. By using the similar
method in [6], Sun and Chen showed that (1) holds for graphs with small difference between the maximum and minimum
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vertex degrees [10]. Also it was proved for all unicyclic graphs [15] and for all bicyclic graphs except one class [9], and
generalizations of this claim to the variable Zagreb indices were analyzed in [7,13–15].
In this paper, we show that for every positive integer k there exists a connected simple graph G with n vertices and
m edges, such that m − n = k and M2(G)/m < M1(G)/n (if k = −1 and k = 0 then G is a tree and a unicyclic graph,
respectively). Moreover, by introducing some transformations, we show thatM2/(m−1) > M1/n for all bicyclic graphs and
it does not hold for general graphs. Similarly we show that (1) holds for all trees, unicyclic graphs, and all bicyclic graphs
except one class.
2. Main results
Let G be a connected graph. Let x be a vertex in G such that α(x) ≥ 1, where α(x) is the number of pendant vertices
adjacent to x. Also let u and v be two adjacent vertices in G. If x1, x2, . . . , xk are some pendant vertices adjacent to vertex x,
then we transform G into another graph G′ as follows:
G′ = G− {uv, xx1, xx2, . . . , xxk} + {ux1, x1x2, x2x3, . . . , xkv}. (2)
Note that if G is isomorphic to K1, n−1 and x is the center of it, then dG(x)µG(x)− dG(x) = 0. Otherwise this value is always
greater than zero for each vertex of a connected graph G.
We now denote
V1(G) = {x ∈ V (G) | dG(x) > 2, dG(x) = α(x)+ 1, dG(x)µG(x)− dG(x) = 1}
and
V2(G) = {x ∈ V (G) | dG(x) > 2, dG(x) = α(x)+ 1, dG(x)µG(x)− dG(x) ≥ 2}.
If k = α(x) then the above transformation is denoted by Px, if k = α(x) − 1 then it is denoted by Qx. Also denote
h(G) = nM2(G)− (n+ 1)M1(G), where n = |V (G)|.
Now we give some lemmas which are useful for our results.
Lemma 2.1. Let u and v be two adjacent vertices of degrees greater than one in a connected graph G. Let x be a vertex different
from u and v, such that α(x) ≥ 1 and dG(x) > 2.
(i) If x 6∈ V1(G) ∪ V2(G) then
h(G) > h(Px(G)). (3)
(ii) If x ∈ V2(G) then
h(G) > h(Qx(G)). (4)
Proof. Let x1, x2, . . . , xk be some pendant vertices in G, which are adjacent to a vertex x. We transform G into another graph
G′ as in (2). Then dG(w) = dG′(w) forw 6= x, xi whereas dG′(x) = dG(x)− k and dG′(xi) = 2 for 1 ≤ i ≤ k.
Thus
M1(G)−M1(G′) = 2kdG(x)− k2 − 3k (5)
and
M2(G)−M2(G′) = dG(u)dG(v)− 2dG(u)− 2dG(v)+ k dG(x)+ k dG(x)µG(x)− k2 − 4(k− 1)
= (dG(u)− 2)(dG(v)− 2)+ k dG(x)+ k dG(x)µG(x)− k2 − 4k
≥ k dG(x)+ k dG(x)µG(x)− k2 − 4k (6)
since dG(u) ≥ 2 and dG(v) ≥ 2.
From (5) and (6), we get
h(G)− h(G′) = n[M2(G)−M2(G′)− (M1(G)−M1(G′))] − (M1(G)−M1(G′))
≥ n k(dG(x)µG(x)− dG(x)− 1)− k(2dG(x)− k− 3)
= k[n(dG(x)µG(x)− dG(x)− 1)− 2dG(x)+ k+ 3]. (7)
(i) Since G is connected, x 6∈ V1(G) and dG(x) > 2, we have dG(x)µG(x) − dG(x) ≥ 2. If dG(x)µG(x) − dG(x) ≥ 3, then
the inequality holds in (3) because dG(x) < n. If dG(x)µG(x) − dG(x) = 2 then dG(x) = α(x) + 2 since x 6∈ V2(G). By the
definition of Px, we have k = α(x). Therefore from (7), we get (3).
(ii) Since x ∈ V2(G), we have dG(x) = α(x)+ 1. Hence k = dG(x)− 2 because k = α(x)− 1 by the definition of Qx. Also
since x ∈ V2(G), dG(x)µG(x)− dG(x) ≥ 2. Therefore from (7), we get (4). 
B. Horoldagva, S.-G. Lee / Discrete Applied Mathematics 158 (2010) 1073–1078 1075
Let u and v be two adjacent vertices in a connected graph G. Also let xx1x2 · · · xk(k > 1 and x 6= u, v) be a path in G, such
that dG(x) ≥ 3, dG(xk) = 1 and dG(xi) = 2 for 1 ≤ i < k. Then it is called a pendant path in G and vertex x is called the origin
of it. We transform G into another graph G′ as follows:
G′ = G− {uv, xx1} + {ux1, xkv}. (8)
This transformation is denoted by Rx.
Lemma 2.2. Let u and v be two adjacent vertices of degrees greater than one in a connected graph G. Let x be a vertex in G such
that µG(x) ≥ 2. If xx1x2 · · · xk is any pendant path and its each vertex is different from u and v, then
h(G) > h(Rx(G)). (9)
Proof. Denote Rx(G) by G′, then from (8)we have dG(w) = dG′(w) forw 6= x, xkwhereas dG′(x) = dG(x)−1 and dG′(xk) = 2.
Thus
M1(G)−M1(G′) = 2dG(x)− 4 (10)
and
M2(G)−M2(G′) = dG(u)dG(v)− 2dG(u)− 2dG(v)+ 2dG(x)+ dG(x)µG(x)− 4
= (dG(u)− 2)(dG(v)− 2)+ 2dG(x)+ dG(x)µG(x)− 8
≥ 2dG(x)+ dG(x)µG(x)− 8. (11)
From (10) and (11), we get
h(G)− h(G′) ≥ n(dG(x)µG(x)− 4)− 2dG(x)+ 4. (12)
Since xx1x2 · · · xk is the pendant path in G, dG(x) ≥ 3. Therefore from (12), we get the inequality (9) because we have
µG(x) ≥ 2 and n > dG(x). 
Lemma 2.3. Let u and v be two adjacent vertices of degrees greater than one in a connected graph G. If x is a vertex in G such
that α(x) ≥ 1, then
M2(G)−M1(G) ≥ M2(Px(G))−M1(Px(G)). (13)
Proof. Let x1, x2, . . . , xk be pendant vertices in G, which are adjacent to vertex x.
Suppose that x is different from u and v, then from (5) and (6), we get
M2(G)−M2(Px(G))− (M1(G)−M1(Px(G))) ≥ k(dG(x)µG(x)− dG(x)− 1). (14)
Clearly G is different from K1, n−1 because dG(u) ≥ 2 and dG(v) ≥ 2. Therefore dG(x)µG(x)− dG(x) ≥ 1 for each vertex x in
G. Hence from (14), we get (13).
Now suppose that vertex x is either u or v. Let x = u, then we have
M1(G)−M1(Px(G)) = 2kdG(x)− k2 − 3k (15)
and
M2(G)−M2(Px(G)) = (dG(x)− 2)(dG(v)− 2)+ k(dG(x)µG(x)+ dG(x)− dG(v)− k− 2)
≥ k(dG(x)µG(x)+ dG(x)− dG(v)− k− 2) (16)
since dG(x) ≥ 2 and dG(v) ≥ 2.
Combining (15) and (16), we get
M2(G)−M2(Px(G))− (M1(G)−M1(Px(G))) ≥ k(dG(x)µG(x)− dG(x)− dG(v)+ 1). (17)
Since x and v are adjacent vertices in G, we have dG(x)µG(x)− dG(v) ≥ dG(x)− 1. Therefore from (17), we get (13). 
Lemma 2.4 ([9]). Let G be a bicyclic graph with n vertices and without pendant vertices. Then the inequality in (1) holds with
equality if and only if G is isomorphic to the complete bipartite graph K2, 3.
The inequality in (1) does not hold for some bicyclic graphs, so consider the inequalityM2(G)/(m − 1) > M1(G)/n. We
now show that it holds for all bicyclic graphs and does not hold in general.
Theorem 2.5. Let G be a bicyclic graph with n vertices and m edges. Then
M2(G)/(m− 1) > M1(G)/n. (18)
Proof. Let first G be a bicyclic graph without pendant vertices, then from Lemma 2.4, one can easily see that the inequality
holds in (18).
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Fig. 1. Counterexample.
Otherwise, we choose two adjacent vertices u and v in a cycle of G. Let {x1, x2, . . . xr} be the set of all vertices in G,
such that each xi is adjacent to at least one pendant vertex in G. Apply the transformation Px1 to G. Then by Lemma 2.3, we
have M2(G) − M1(G) ≥ M2(Px1(G)) − M1(Px1(G)). Again we choose two adjacent vertex in a cycle of Px1(G) and apply the
transformation Px2 to Px1(G). Then also we haveM2(Px1(G))−M1(Px1(G)) ≥ M2(Px2(Px1(G)))−M1(Px2(Px1(G))). Repeating
the same transformation, we arrive at a graph Pxr (. . . (Px1(G)) . . .), denote it by G1. ThenM2(G)−M1(G) ≥ M2(G1)−M1(G1).
Let now {y1, y2, . . . , ys} be the set of all vertices in G1, such that each yi is adjacent to at least one pendant vertex
in G1. Then we choose two adjacent vertices in a cycle of G1 and apply the transformation Py1 to G1. Applying the same
transformation for each yi, we arrive at a graph Pys(. . . (Py1(G1)) . . .), denote it by G2. Then similarly to the above, we get
M2(G1)−M1(G1) ≥ M2(G2)−M1(G2).
Denote by Gq, the graph obtained by repeating the above described procedure q times. The value of M2 − M1 is non-
increased by these transformations, therefore we have the following sequence
M2(G)−M1(G) ≥ M2(G1)−M1(G1) ≥ M2(G2)−M1(G2) ≥ · · · ≥ M2(Gp)−M1(Gp),
where Gp is a graphwithout pendant vertices. Sincem = n+1 andM2(Gp)−M1(Gp) > 0, we get the inequality in (18). 
The inequality in (18) is not true for all simple connected graphs. LetG be a graphwith n vertices in Fig. 1. Thenm = n+5,
M1(G) = (n− 7)× 12 + 1× (n− 6)2 + 1× 22 + 1× 52 + 4× 42
= n2 − 11n+ 122
and
M2(G) = (n− 7)× (1× (n− 6))+ 1× (2× (n− 6))+ 1× (2× 5)+ 4× (4× 5)+ 6× (4× 4)
= n2 − 11n+ 216.
Thus nM2(G)− (m− 1)M1(G) = −4n2 + 138n− 488. ThereforeM2(G)/(m− 1) < M1(G)/n for n > 31.
Now we give an alternative proof of the following theorems.
Theorem 2.6 ([12]). Let T be a tree with n vertices. Then the inequality in (1) holds with equality if and only if T is isomorphic
to K1, n−1.
Proof. If T is isomorphic to K1, n−1 then M1(K1, n−1) = n(n − 1) and M2(K1, n−1) = (n − 1)2, therefore the equality holds
in (1).
Let now T be different from K1, n−1, then n > 3 and there are two adjacent vertices u and v of degree greater than one.
Then by using the same technique in Theorem 2.5, we arrive at Pn. Therefore, we haveM2(T )−M1(T ) ≥ M2(Pn)−M1(Pn).
Also, it is well known that Pn has the smallest first Zagreb index among all trees with n vertices. Hence in this case, we have
mM2(T )− nM1(T ) = n(M2(T )−M1(T ))+M1(T )
≥ n(M2(Pn)−M1(Pn))+M1(Pn)
= 2(n− 3) > 0
whereM1(Pn) = 4n− 6,M2(Pn) = 4n− 8, that isM2(T )/m > M1(T )/n. 
Theorem 2.7 ([15]). Let G be a unicyclic graph with n vertices. Then the inequality in (1) holds with equality if and only if G is
isomorphic to Cn.
Proof. If G is isomorphic to Cn thenM1(G) = 4n andM2(G) = 4n, therefore the equality holds in (1).
Let now G be different from Cn, then we choose two adjacent vertices in the cycle C and by using the same technique in
Theorem 2.5, we arrive at Cn. Therefore, we haveM2(G)−M1(G) ≥ M2(Cn)−M1(Cn), that isM2(G)/m ≥ M1(G)/n. It is clear
that dG(x)µG(x)−dG(x) ≥ 2 for each vertex x in the cycle of a unicyclic graph. Hence from the last step of the transformation
and (14), we getM2(G)/m > M1(G)/n for all unicyclic graphs different from Cn. 
Theorem 2.8 ([9]). Let G be a bicyclic graph with n vertices. If V1(G) = ∅ then the inequality in (1) holds with equality if and
only if G is isomorphic to the complete bipartite graph K2, 3.
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Proof. If G is isomorphic to a bicyclic graph without pendant vertices, then by Lemma 2.4, the inequality in (1) holds.
Otherwise, we choose two adjacent vertices u and v in a cycle of G. Let V2(G) = {x1, x2, . . . xr}. Apply the transformation
Qx1 to G. Then by Lemma 2.1(ii), we have h(G) > h(Qx1(G)). Again we choose two adjacent vertex in a cycle of Qx1(G) and
apply the transformation Qx2 to Qx1(G). Then also we have h(Qx1(G)) > h(Qx2(Qx1(G))). Repeating the same transformation,
we arrive at a graph Qxr (. . . (Qx1(G)) . . .), denote it by G1. Then V1(G1) ∪ V2(G1) = ∅ and h(G) > h(G1).
Let now y1, y2, . . . , ys be all vertices in G1, such that each yi is of degree greater than two and adjacent to at least one
pendant vertex. Then we choose two adjacent vertices in a cycle of G1 and apply the transformation Py1 to G1. Applying the
same transformation for each yi, we arrive at a graph Pys(. . . (Py1(G1)) . . .), denote it by G2. Then similarly to the above, we
get h(G1) > h(G2).
Obviously, each pendant vertex of G2 lies on any pendant path, henceµG2(x) ≥ 2 for each vertex x of degree greater than
two in G2. Nowwe choose two adjacent vertices in a cycle and one pendant path in G2. Let a vertex x be the origin of chosen
path, then apply the transformation Rx to G2. ThenµRx(G2)(y) ≥ 2 for each vertex y of degree greater than two in Rx(G2), and
from Lemma 2.2, it follows that h(G2) > h(Rx(G2)). Again we choose two adjacent vertices and one pendant path in Rx(G2),
and repeating the same transformation sufficient number of times we arrive at a graph without pendant vertices.
By the all above transformations, the value of h is decreased, therefore by Lemma 2.4, we have h(G) ≥ 0 andwith equality
holds if and only if G is isomorphic to K2, 3. 
For any simple connected graph G, clearly |E(G)| − |V (G)| ≥ −1. If this difference is equal to−1 then G is a tree. If it is
equal to zero then G is a unicyclic graph. Conjecture 1.1 is true for all trees and all unicyclic graphs because of the previous
theorems. We now give the following theorem that tells us an interesting fact on Conjecture 1.1.
Theorem 2.9. For every positive integer k there exists a simple connected graph G with n vertices and m edges, such that m− n
= k and M2(G)/m < M1(G)/n.
Proof. It is clear that for every positive integer k there exists a simple connected graph G′ with n′ vertices andm′ such that
m′ − n′ = k. For example, let T be a tree with n′ vertices, where n′ is sufficiently large for k. Then by adding k+ 1 edges to
T , we obtain a graph G′ with n′ vertices and n′ + k edges.
We consider a graph G′ withm′ − n′ = k. Let v be any vertex in G′. Denote
A = n′M2(G′)−m′M1(G′)+ dG′(v)(n′µG′(v)− 2k)− 4m′ + 2n′ (19)
and
B = M2(G′)−M1(G′)+ dG′(v)µG′(v)+ k− 2. (20)
Clearly, A and B are constant because G′ is given.
Let l be a natural number greater than (B+√B2 + 4kA)/(2k). Construct now a new graph G from G′, a pendant vertex of
K1, l−1 join with vertex v, by an edge. Then n = n′ + l andm = m′ + l. Also we have
M1(G) = M1(G′)+ 2dG′(v)+ l(l− 1)+ 4 (21)
and
M2(G) = M2(G′)+ 2dG′(v)+ dG′(v)µG′(v)+ l(l− 1)+ 2. (22)
From (21) and (22), we get
nM2(G)−mM1(G) = A+ Bl− kl2. (23)
by using (19) and (20). Since k ≥ 1, A+ Bl− kl2 is a quadratic polynomial in l. Therefore, we haveM2(G)/m < M1(G)/n by
the choice of l. Hence G satisfies the conditions of the theorem. 
Example. Let k = 5. Then we find a graph G, which satisfies the conditions of Theorem 2.9. Consider the complete graph
K5, denote it by G′. Then n′ = 5,m′ = 10 andm′ − n′ = 5. AlsoM1(G′) = 5× 42 = 80 andM2(G′) = 10× (4× 4) = 160.
For each vertex v in G′, dG′(v) = 4 and µG′(v) = 4. Then from (19) and (20), A = 10 and B = 99. Therefore
(99+
√
992 + 4× 5× 10)/(2× 5) = 19.9 and let l be a natural number greater than 19. Construct now a graph G from G′,
a pendant vertex of K1, l−1 join with one vertex of G′, by an edge. Then G is isomorphic to the graph in Fig. 1 and n = l+ 5.
On the other hand, we have M1(G) = n2 − 11n + 122, M2(G) = n2 − 11n + 216, and m = n + 5. Hence
nM2(G)−mM1(G) = −5n2 + 149n− 610 and nM2(G) < mM1(G) for n > 24.
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